Abstract. We study relations among characteristic classes of smooth manifold bundles with highly-connected fibers. For bundles with fiber the connected sum of g copies of a product of spheres S d ×S d and odd d, we find numerous algebraic relations among the so-called "generalized Miller-Morita-Mumford classes". For every value of g, we show that these infinitely many classes are algebraically generated by a finite subset.
Let M be a 2d-dimensional oriented smooth manifold such as the connect sum of g copies of S d ×S d . We denote by Diff M the topological group of orientation-preserving diffeomorphisms of M , and by Diff(M, D 2d ) the subgroup of those diffeomorphisms that fix pointwise a disk in M . The bar construction can be used to construct the space BDiff(M, D 2d ) that classifies bundles with fiber M which contain a trivial disk bundle. For any characteristic class of vector bundles p ∈ H * +2d (BSO 2d ), we will define a "generalized Miller-Morita-Mumford class" (or just "kappa class") κ p ∈ H * BDiff(M, D 2d ) . More concretely, every kappa class corresponds to a characteristic class of smooth manifold bundles π : E → B that have fiber M and locally respect orientation. In the special case when all the spaces E, B, and M are smooth oriented manifolds, the vertical tangent bundle over E can be defined as the kernel of the derivative Dπ : T E → T B. The characteristic classes of this 2d-dimensional oriented vector bundle determine a map γ : H * +2d (BSO 2d ) → H * +2d (E). There is a pushforward on cohomology π ! : H * +2d (E) → H * (B), discussed in detail in section 2.2. Given any p ∈ H * +2d (BSO 2d ), the corresponding kappa class is defined by the formula κ p = π ! (γ(p)) ∈ H * (B).
As explained in sections 2.3 and 2.4, the class κ p ∈ H * BDiff(M, D 2d ) mentioned above is the universal such class for bundles that contain a trivial disk bundle.
Let S ⊂ H * (BSO 2d ; Q) be the set of monomials in the classes 1 p d+1
4
, p d+1 4 +1 , ..., p d−1 , and e of total degree greater than 2d. The generalized MMM classes give rise to a map:
1 We use the notation · and · for rounding up and down (respectively) to the nearest integer.
The domain of this map is a free polynomial algebra on infinitely many generators. As we explain below, the map R is known to be an isomorphism in a range of cohomological dimensions that grows linearly with g.
On the other hand, this paper presents a large family of polynomials in the MMMclasses that lies in the kernel of the map R, in the case that d is odd. In the d > 1 case, ours are the first results of this kind. In the d = 1 case, we recover previously known results, but using purely homotopy theoretic methods.
We obtain the following conclusions:
Theorem 1.1. If d ≡ 3 (mod 4), the map R d has nontrivial kernel in degree 2g + 2.
If d ≡ 1 (mod 4), the map R d has nontrivial kernel in degree 6g + 6.
Theorem 1.2. The image of R d is a finitely-generated algebra when d is odd.
Our methods generalize the technique Randal-Williams developed for the d = 1 case in [RW12] . The numerous relations obtained in [RW12] are a subset of our relations, and this subset turns out to be independent of d in the following sense: Theorem 1.3. Let us denote κ i = κ e i+1 ∈ H 2di (BDiff M 2d g ). With this notation, all the equations obtained in [RW12] for the cohomology space of surface bundles (d = 1 case) with fiber of genus g are, in fact, valid verbatim for all odd values of d. Note that the equations that took place in cohomological degree 2j in [RW12] now take place in degree 2dj. This is surprising since no map between subrings of H 2di (BDiff M 2d g ) for different d that takes κ i to κ i can preserve the grading on the cohomology.
1.1. Homological stability. The fact that the map (1) is an isomorphism in a range follows from the study of the phenomenon of "homological stability".
We first consider the case of d = 1. In this case, the fiber of our bundle is Σ g = # g S 1 × S 1 , an oriented surface of genus g and the generalized Miller-MoritaMumford classes correspond to the classical ones, with κ i = κ e i+1 . The Madsen-Weiss Theorem [MW07] together with Harer stability [Har85] (see also [GRW10, Wah10] for streamlined proofs) imply that the map
is an isomorphism in degrees * ≤ 2g/3 (this range is due to [Bol12] ).
In [GR12b] and [GR12a] , Galatius and Randal-Williams have recently proven analogues of the Madsen-Weiss theorem and Harer stability for the case d > 2 (A part of the result of [GR12a] also follows from the independent work of Berglund and Madsen [BM12] , who use entirely different methods).
In the case of rational coefficients, the results of [GR12b, GR12a] imply the following:
Note that Theorem 1.1 implies that the range of cohomological dimensions in the above theorem cannot be improved beyond 2g + 2.
1.2. The case of surfaces bundles. In the d = 1 case, characteristic classes of surface bundles in rational cohomology coincide with the study of the cohomology of the moduli space of Riemann Surfaces M g since
(Here, Γ g is the mapping class group. The first equality follows from the theorem of Earle and Eels [EE69] that implies Diff Σ g Γ g . The second is true only in rational cohomology, see [FM11, §12.6] for an overview).
Our results also apply to the map
The image of the map R 1 coincides with the classical tautological ring, as defined in [Mum83] . Techniques of algebraic geometry and low-dimensional topology (hyperbolic geometry, in particular) have been used to learn much more about this ring.
Harer's theorem [Har85] states that the rings H * (BDiff(Σ g , D 2 )) and H * (BDiff Σ g ) coincide for * ≤ 2g/3, and therefore the kernel of R 1 is trivial in this range of cohomological degrees. In degree 2 g/3 + 2, the kernel is already be non-trivial [Mor03] . By a theorem of Looijenga [Loo95] , the image of the map R is trivial above degree 2(g − 4), and in degree 2(g − 4) it is one-dimensional [Fab99, Loo95] . There are numerous other results and conjectures about the image of the map R 1 for d = 1; in particular the methods of [Fab99] are sufficient to compute the rank of the image of R 1 in every cohomological dimension for g ≤ 23.
Since the relations in Theorems 1.1 and 1.2 have high cohomological degree, they follow from Looijenga's theorem in the d = 1 case. Theorem 1.3 provides numerous relations in low cohomological degrees; in fact Randal-Williams has shown that all of the relations for g ≤ 5 can be obtained using his methods. It is unclear whether our strengthening of Randal-Williams' methods can result in genuinely new relations in the d = 1 case.
1.3. Outline of the paper. Section 2 gives a more precise definition of various concepts used in the introduction.
In Section 3, we state the main technical result of the paper and the primary source of our relations, Theorem 3.1. We give an overview of its proof and apply it to prove Theorem 1.1. In the special case of surface bundles, this amounts to a stronger statement and a new proof of a result of Morita from [Mor89, Section 3].
The details of the proof of Theorem 3.1 take up sections 4 and 5. In section 6, we apply in higher dimensions the methods Randal-Williams developed for surface bundles in [RW12] 
Definitions and Preliminary Results
2.1. Twisted coefficient systems. In this section, we define various naturally arising twisted coefficient systems that we will use in the sequel. By a "twisted coefficient system" A over a space B, we will mean an abelian group or a Q-vector space A (called the fiber) together with a map π 1 (B) → Aut A (see also [Hat02,
§3.H]).
A twisted coefficient system can also be thought of as a locally trivial bundle over B with A, given the discrete topology, as the fiber. Let A and A be two twisted coefficient systems over the same space B. A map A → A is a map abelian groups A → A that is equivariant with respect to the π 1 -action. The diagonal action of π 1 (B) on A ⊗ A gives rise to a twisted coefficient system A ⊗ A .
Let π : E → B be a Serre fibration with fiber F . The homotopy-lifting property gives rise to a map π 1 (B) → π 0 (Aut F ), which in turn gives an action of π 1 (B) on the cohomology groups H i (F ). This gives rise to twisted coefficient systems that we denote
2d is an orientable 2d-dimensional closed manifold, an "orientation" of the Serre fibration is a choice of an isomorphism or :
where the right-hand side is the untwisted coefficient system over B (that is, the action of π ! (B) on Z is trivial). The words "oriented" and "orientable" have their usual meaning.
Remark 2.1. Suppose M , E and B are oriented smooth manifolds, π : E → B is a smooth map, and π has the structure of a locally trivial bundle with fiber M . This bundle is an example of an oriented Serre fibration if, locally, the orientation on E coincides with that of M × U (for U ⊂ B).
Finally, we define a map that will become significant in the proof of our main results. Let E → B be an oriented Serre fibration with fiber M 2d . The cup product is a π 1 (B)-equivariant map
We define the map of twisted coefficient systems ω as the composition:
2.2. Pushforward maps on cohomology. Let π : E → B be an oriented Serre fibration, as defined above, with fiber a closed oriented m-dimensional manifold M . There is a well-defined "pushforward" map π ! : H * +m (E; Z) → H * (B; Z), also known as the "umkehr map" or the "Gysin homomorphism". We use an algebraic definition of the pushforward map using the Serre spectral sequence from [BH58, §8] ; see Definition 4.5. In this section, we state some of its important properties.
In the case where E and B are manifolds, the map π ! coincides with the composition of Poincare duality in E, the usual pushforward on homology, and Poincare duality in B. When restricted to de-Rham cohomology, the map coincides with integration along the fiber (these equivalences are discussed in detail in [Boa70] ).
The pushforward map satisfies the following properties (the first follows easily from Definition 4.5, and the others are proven in [BH58, §8]):
(1) If E n+m and B n are both oriented manifolds, then in the top cohomological degree, the pushforward is a map from H n+m (E) ∼ = Z to H n (B) ∼ = Z (where both isomorphisms are determined by the orientation). The "normalization" property states that this map is the identity.
(2) The pushforward satisfies the "push-pull formula" that relates it to the pullback π * : H * (B) → H * (E) and the cup product. For any classes a ∈ H * (E) and b ∈ H * (B), we have:
(3) Pushforwards are natural with respect to maps f : A → B. If we have an oriented Serre fibration π : E → B and form a pullback diagram: In the case that M is a smooth manifold and π : E → B is a bundle with structure group Diff M , there is another commonly used definition of the pushforward map π !P T : H * +m (E) → H * (B) that uses the Pontryagin-Thom construction, see [Boa70] or [BG75, §4] . This definition has the advantage of being defined even for generalized cohomology theories if the bundle has an appropriate orientation, and it is also related to a construction of the kappa classes as pullbacks of natural classes in the cohomology of the infinite-loop space Ω ∞ M T SO(2d) (see [GR12b] ; we do not use this construction). The following fact is accepted in the literature, but we provide a proof for completeness.
Proposition 2.2. If E → B is a manifold bundle with structure group Diff M and B is a CW complex of finite type, the pushforwards π !P T and π ! coincide.
In rational cohomology, π !P T and π ! coincide for any CW complex B.
Proof. In the case when B is an oriented closed manifold, this proposition is proven in [Boa70] . Briefly, Boardman proves a multiplicativity property for the cap product, similar to property (2) above, for both π ! and π !P T . He then deduces that both pushforwards must coincide with the pushforward determined by Poincare duality. One can check that the Pontryagin-Thom construction commutes with bundle pullbacks in an appropriate way so that π !P T satisfies the naturality property (3) defined above. For a CW complex B of finite type, or in rational cohomology, we have (see e.g. [Hat02, §3.F] for an overview):
so we can assume without loss of generality that B is a finite CW complex. Finally, we use the following lemma to reduce this case to the case of B a closed oriented manifold.
Lemma 2.3. Any finite CW complex B is a retract of is a smooth oriented closed manifold D. In particular, there is a map f :
Proof.
2 It is possible to embed B into a Euclidean space, and a sufficiently small tubular neighborhood of such an embedding T will be an oriented compact manifold with boundary that deformation retracts onto T (see e.g. appendix to [Hat02] ). In particular, we have maps B Let D = T δT (−T ) be the double of T . It is a closed oriented manifold. There is an obvious inclusion T → D and, crucially, the map f : T → B extends to a map f : D → B. So, we have our retraction:
The composition is the identity since it coincides with f • i.
We do not know whether π ! and π !P T coincide for integral cohomology when B = BDiff M .
Definition of the generalized Miller-Morita-Mumford classes.
In this section, we explain the definition of the MMM classes on the space BDiff M and relate it to their definition as characteristic classes.
Let π : E → B be a bundle with an oriented manifold M as fiber and structure group Diff M . Throughout this paper, by Diff M we mean the topological group of orientation-preserving diffeomorphisms with the C ∞ topology. Let P → B be the corresponding principal bundle.
The group Diff M acts on the total space of the tangent bundle T M and commutes with the bundle map T M → M . So, we can define the "vertical tangent bundle" T π E via the map:
This is an oriented vector bundle of rank dim M . In particular, its characteristic classes determine a map γ :
Definition 2.4. For a manifold bundle E → B and any p ∈ H l+dim M (BSO dim M ), the corresponding "generalized Miller-Morita-Mumford class" is defined by the formula:
This definition is natural in the sense that MMM classes of a pullback of a bundle are the cohomology pullbacks of the original MMM classes, i.e. the diagram on the right of (2) will commute:
Example 2.5. Suppose E and B are also oriented smooth manifolds, and π : E → B is a smooth bundle with fiber M as defined in Remark 2.1. One can verify that such a bundle can be given the structure group Diff M . The vertical tangent bundle defined above coincides with the kernel of the derivative Dπ : T E → T B.
Example 2.6. The bar construction on the topological group Diff M can be used to construct the universal principal bundle EDiff M → BDiff M . We can use the "universal manifold bundle"
Every manifold bundle with structure group Diff M is a pullback of the universal manifold bundle, and therefore the MMM classes of any bundle are the pullbacks of the universal kappa classes.
2.4. Bundles with a fixed disk. The theorems we stated in the introduction concern bundles that contain a trivial disk bundle and kappa classes defined on the space BDiff(M, D 2d ). On the other hand, most of our arguments pertain to kappa classes on the space BDiff M as defined above. In this section, we relate the two.
The inclusion of diffeomorphisms that fix a disk into the group of all diffeomorphisms
It can be shown that if a smooth bundle π : E → B with fiber M contains a trivial disk bundle, its classifying map B → BDiff M factors through the map f . The kappa classes in H * (BDiff(M, D 2d )) are defined by applying the map f * :
) to the original kappa classes. Let S ⊂ H * (BSO 2d ; Q) consist of the monomials in all the Pontryagin classes and the Euler class. Definition 2.4 gives rise to a map from a free polynomial algebra, denoted by R in diagram (3) below. Recall from the introduction that the set S ⊂ H * (BSO 2d ; Q) consists of monomials in the classes p d+1
, and e that have total degree greater than 2d. The map R is defined as the composition of the other maps in the diagram:
As explained in the introduction, the significance of the map R is that it becomes an isomorphism in a range. Another reason why we only use the kappa classes that come from the set S is explained by the following proposition, proven below:
We will use the following corollary in the proof of Theorem 1.2.
, the image of the map R is a quotient of the image of the map R .
Proof. Proposition 2.7 implies that the image of f * • R coincides with the image of R in the diagram (3).
The rest of this section is dedicated to proving Proposition 2.7 in the d ≡ 0 (mod 4) case.
Let us fix a basepoint b ∈ D 2d ⊂ M 2d . It determines a section of the universal bundle (which we denote U ) and the corresponding maps on cohomology:
We can also define a vertical tangent bundle T π U over U as in the previous section.
Lemma 2.9. The Pontryagin class of the vertical tangent bundle
Proof. Since M is (d − 1)-connected, the map π * is an isomorphism in degrees * < d (this can be seen e.g. using the Serre spectral sequence). It follows that, in this range, π * and s * are inverses to each other. So,
. Since a neighborhood of the point b is fixed by the action of Diff(M, D 2d ), this bundle is trivial, and so both s * (p i ) and p i must be zero.
In fact, the Lemma can be shown to hold even in the case 4i
Since we only consider the case of odd d, we will not need that statement.
Proof of Proposition 2.7 for d ≡ 0 (mod 4). Let m ∈ (S − S ) ⊂ H * (BSO 2d ; Q). If m has total degree less than 2d, then κ m is already zero in H * (BDiff M ). Otherwise, the monomial m must contain a Pontryagin class p i with 4i ≤ d. Since d is not divisible by 4, this implies 4i < d. It is easy to see that the class κ m coincides with the pushforward of the class m (T π U ) ∈ H * (U ). By the above lemma, this class is zero.
Key Source of the Relations
In this section, we outline the proof of Theorem 3.1, which is the main technical result that underlies the relations discussed in this paper. We also prove Theorem 1.1 as an application. Further applications of Theorem 3.1 that result in more elaborate relations are discussed in Section 6. Theorem 3.1. Let d be an odd natural number, π : E → B be an oriented Serre fibration with fiber M 2d , where M is a 2d-dimensional d − 1 connected manifold. We also assume 3 that the H d (M ) is a free abelian group of rank 2g. Let a, b ∈ H * (E) be two classes such that π ! (a) = 0, π ! (b) = 0, and deg(a) is even. Then, the classes π ! (a ∪ a) ∈ H 2 deg(a)−2d (B) and π ! (a ∪ b) ∈ H deg(a)+deg(b)−2d (B) satisfy the following two relations: results of our paper can be applied to non-smooth bundles, as long as one is able to define the kappa classes for such bundles and these kappa classes are the pushforward of some cohomology classes on the total space.
Ebert and Randal-Williams show in [ER13] that this is possible in rational cohomology for topological bundles with fiber M . They also define generalized kappa classes for "block bundles" with structure group Diff M , although only a subset of them (ones that correspond to monomials in stable characteristic classes of vector bundles) are defined as pushforwards of classes in the total space.
3.1. Proof of Theorem 1.1 from Theorem 3.1. We assume that π : E → (B = BDiff M ) is the universal bundle with fiber a 2d-dimensional (d − 1)-connected fiber M . (The proof will work for any oriented Serre fibration E → B with the same fiber). We assume that d is odd; depending on its value mod 4 we write either d = 4s − 1 or d = 4s − 3 for some integer s.
The 4s-dimensional Pontryagin class of the vertical tangent bundle gives rise to the class p s ∈ H 4s (E). Since 4s < 2d, π ! (p s ) = 0, and deg p s is even. So, by Theorem 3.1 we have the following relation concerning the class π ! (p 2 s ), which is easily seen to be either 2-or 6-dimensional (depending on d mod 4):
The
The same class must be zero in H (2 or 6)(g+1)
3.2.
Technical results used to prove Theorem 3.1. Throughout this section, we suppose that all the assumptions of Theorem 3.1 hold.
Notation. In section 2.1, we defined the twisted coefficient system H d (M ) that we will now denote simply by H. We also defined the map
As we will discuss in more detail in Section 5, for any coefficient systems A and B over B, there is a notion of "cohomology with twisted coefficients" and a "cup product"
Moreover, any map of coefficient systems f : A → B determines a map on cohomology that we will denote f coeff : H * (B; A) → H * (B; B).
We now state three propositions needed to prove Theorem 3.1. We need to prove that a certain power of the class π ! (a ∪ b) is zero. If we wanted to prove that α 2 = 0 for some cohomology class α, it would be sufficient to decompose it as product of an odd-dimensional class β and another class: α = β ∪γ. Proposition 3.5 below can be thought of as a similar decomposition of the class π ! (a ∪ b). 
The proof of this proposition requires a spectral sequence argument and is done in Section 4. The map (6) is equivalent to the product on the E 2 page of a spectral sequence.
The other required propositions follow from formal properties of cup products. We discuss them informally below; detailed proofs are given in Section 5.
The following proposition implies that the map (6) commutes with taking further cup products, i.e. it is possible to compute the value of π ! (a ∪ b)
l from the values of ι l and κ l . More precisely, we have:
Proposition 3.6. The following diagram commutes (only up to sign in the lower left corner):
This follows immediately from the associativity of cup product and the fact that the cup product commutes with the change-of-coefficient maps on cohomology.
Finally, we obtain the actual relations from the last necessary ingredient:
Proposition 3.7. If ι ∈ H deg(ι) (B; H) with deg(ι) odd and rank H ≤ 2g , then
The above proposition is a generalization of the fact that, in regular cohomology, the square of a class of an odd degree is zero. Similarly to that fact, the proposition relies on the generalized commutativity of cup product with twisted coefficients. In the case of rational coefficients, this commutativity implies that for all d > 0, we have
where Alt H ⊗d Q ⊂ H ⊗d Q is the subspace of alternating tensors (see Section 5). Because of the assumption on rank of H, we have Alt H ⊗2g+1 Q = 0. These facts imply the rational version of Proposition 3.7; a more careful argument is needed for the integral version.
3.3. Proof of Theorem 3.1 from the propositions. By Propositions 3.5 and 3.6, there are
2g+1 is the image of ι 2g+1 ∪ κ 2g+1 under some group homomorphism. Since deg(a) is even and d is odd, ι has odd cohomological degree. Since rank H = rank H d (M ) = 2g, Proposition 3.7 states that (2g + 1)! · ι 2g+1 = 0. This proves that
g+1 is the image of ι g+1 ∪ ι g+1 = ι 2g+1 ∪ ι under some group homomorphism, and again (2g + 1)! · ι 2g+1 = 0. This proves that (2g + 1)! · π ! (a ∪ a) = 0.
Spectral Sequence Argument
The goal of this section is prove Proposition 3.5. Our first objective is to restate that proposition in the language of spectral sequences.
Let us recall the definition of the E 2 page of the cohomological Serre spectral sequence for a Serre fibration E → B with fiber F . We use the twisted coefficient systems H q (M ) defined in section 2.1 and the notion of cohomology with twisted coefficients. The E 2 page is the bi-graded ring
with the product specified by the following composition of maps:
Lemma 4.1. Let us consider the case when the fiber F = M 2d is a connected 2d-dimensional manifold and q = q = d and the bundle is oriented. As explained in section 2.1, we then have an isomorphism or :
. The following diagram commutes:
Note that the top line of this diagram is precisely the map (6) from Proposition 3.5
Proof. We can compose the product (7) with the orientation isomorphism on coefficients to obtain the following map:
The composition of the last two arrows in the above diagram is precisely ω coeff since ω was defined as the composition of ∪ and or in section 2.1. We are done.
The rest of this section is structured as follows. First, we recall the necessary facts about the Serre spectral sequence. Then, we recall the definition of the pushforward π ! from [BH58] . Finally, we define "secondary pushforwards" that, under the assumptions of Proposition 3.5, allow us to find the element ξ(a)
that maps to π ! (a ∪ b) under the map (8). This will complete the proof of Proposition 3.5.
4.1. Convergence of Serre spectral sequences. Let us now recall the features of the convergence theorem for the cohomological Serre spectral sequence that we will need. The Serre spectral sequence for a Serre fibration E → B with fiber F (which, for the purposes of the convergence theorem, can be any CW complex) relates the following two objects:
(1) The cohomology of the total space H * (E) together with the cup product and a certain filtration that we will denote:
This filtration respects the cup product, in the sense that the cup product restricts to a map
The E 2 page of the spectral sequence together with its product, as defined in the beginning of this section. The convergence theorem relates these two objects by way of the E ∞ page of the spectral sequence: 
(b) A sub-quotient of the E 2 page obtained by repeatedly taking homology using the differentials in the spectral sequence. Repeatedly taking sub-quotients of a group results in a sub-quotient, so there are subgroups
By a small abuse of language, we write: Z p,q = ker(differentials out of (p, q) terms) and B p,q = image(differentials into (p, q) terms). The product is induced from the E 2 product because all the differentials respect the product on their respective pages of the spectral sequence.
4.2.
Pushforwards and spectral sequences. In this section, we assume that the fiber M 2d is a 2d-dimensional closed connected manifold. We do not assume it is (d − 1)-connected unless we explicitly state so. Lemma 4.3. If M has dimension 2d, the filtration on cohomology is such that, for all n,
If M is also (d − 1)-connected, then we also have:
Proof. Since the fiber M is 2d-dimensional, E n−q,q 2 = 0 for q > 2d, and therefore
After the E 2 page, all the differentials in the spectral sequence go in the downand-right direction. In particular, there are no differentials into the 2d-th row of the spectral sequence (i.e., the E n−2d,2d i terms for i ≥ 2). So,
B
n−2d,2d = ker(differentials into (n − 2d, 2d) terms) = 0.
The convergence theorem implies that E n−2d,2d ∞ ⊂ E n−2d,2d 2 /B n−2d,2d , so:
Lemma 4.4. We have:
. Now, we use the fact that E n−2d,2d ∞ = F n−2d H n (E)/F n−2d+1 H n (E) to state the definition of the pushforward map that we use:
Definition 4.5 ( [BH58,  §8] ). If the fiber M is connected and the bundle is oriented, we define the "pushforward map on cohomology" to be the following composition of maps:
The important properties of the pushforward map and other commonly-used ways to define it were discussed in section 2.2. 4.3. Secondary pushforwards and the proof of Proposition 3.5. Let us now assume that the fiber M is also (d − 1)-connected and consider the kernel of the map π ! we just defined.
Proof. By examining the map (10), we see that the quotient map
must take (ker π ! ) n to zero and therefore (ker
We will now attempt to repeat the construction of the map (10). The lemma gives us a quotient map (ker Figure 1 
for indices). It is no longer necessarily true that
, but the convergence theorem states that it is in general a subset of a quotient:
So, we have the following sequence of maps:
(11) We use the fact that the wrong-way map in the above diagram is surjective to make the following definition:
Definition 4.7. For each a ∈ (ker π ! ) n , we define its "secondary pushforward" ξ(a) ∈
H) to be some element that maps to the same element of
as a under the maps in (11). From now on, we assume that we have fixed a choice of such a ξ(a) for every a.
Since there is no reason for ξ : (ker π ! ) n H n−d (B; H) to be a group homomorphism we will call it a correspondence rather than a map and denote it with a dashed arrow.
Proof. Since the Serre spectral sequence is mulitplicative, every term in the diagram (11) is a subset of some ring. Consider the following diagram that combines the multiplication maps on every term:
We observe the following:
• The convergence theorem implies that the diagram commutes and the map
• The cup product is graded-commutative in the following sense: Let τ : A ⊗ B → B ⊗ A be the map that swaps the coordinates. For a ∈ H p (X; A) and b ∈ H q (X; B), we have:
These facts can be proven in the same way as the corresponding facts for the regular cup product; we refer to [Ste43, §11] for details. As in the regular case, graded commutativity of the cup product doesn't hold in general on the level of chains.
5.1. Proof of Propositions 3.6 and 3.7.
Proof of Proposition 3.6. The commutativity of diagram in the statement of the Proposition follows from repeated applications of the associativity of cup product and the fact that cup product commutes with change of coefficients. In the lower-left corner, we need to also use the commutativity of cup product, which may insert a sign.
Before proving Proposition 3.7, we need to state two lemmas. For any representation V of the symmetric group S n , we denote by Alt V the "alternating sub-representation":
For any t, H
⊗t is an S t -representation with the action defined by
). This action on coefficients also makes the cohomology H * (B; H ⊗t ) into an S t -representation.
Proof. First, consider the t = 2 case. Since ι has odd degree, the formula for commutativity of cup product states that, if τ ∈ S 2 is the non-trivial transposition,
The general case follows from the fact that any permutation σ ∈ S t can be decomposed into a product of transposition, and the number of these transpositions mod 2 is determined by sgn(σ). Now, the inclusion i : Alt H ⊗t → H ⊗t is a map of coefficient system, and therefore induces a map on cohomology. If out coefficient system is a Q-vector space, it can be shown that Alt H * (B; 
Proof of Proposition 3.7. Let ι ∈ H * (B; H) have odd degree and rank H ≤ 2g. Then, we have Alt H ⊗2g+1 = 0. By the above two lemmas, t!ι t ∈ H * (B; Alt H ⊗t ). So, (2g + 1)!ι 2g+1 = 0 as desired. We remark that this argument only requires that H be generated by 2g elements; it does not matter whether H is free.
Generating Relations using Methods of Randal-Williams
In this section, we apply Theorem 3.1 to give numerous examples of relations in ker R. We prove Theorems 1.2. We also generalize many of the results of [RW12] and prove Theorem 1.3. As explained in [RW12] , this gives numerous examples of relations in low cohomological degrees.
Throughout this section, we will assume that all the bundles are smooth and oriented. We state our results for bundles without a fixed disk. They can be easily translated to hold for spaces BDiff(M, D 2d ) using Corollary 2.8; see the proof of Theorem 1.2 below for an example. We also assume that all cohomology has rational coefficients. So, we will ignore the integral multiple in the statement of Theorem 3.1.
By a slight abuse of notation, throughout this section, we will denote by R * d the image of the map R in H * (BDiff M ) (rather than the image of R, see section 2.4 for the distinction). We will also refer to this image as the "tautological (sub)ring". 6.1. Direct applications of Theorem 3.1 and the radical. First, we recover some information about the radical of the tautological ring by applying Theorem 3.1 directly. Our main goal is to illustrate the Theorem, but we are also motivated by the question of whether the tautological ring R * d is finite-dimensional for all d odd as it is for d = 1 (see Lemma 6.4 below).
Example 6.1. Consider a bundle π : E → B with 2d-dimensional fiber M 2d g and d odd (for example, the universal bundle). The proof of Theorem 1.1 in Section 3 applies to any degree-4i Pontryagin class p i ∈ H 4i (E) as long an i < d/2. So, we have the following relation concerning κ p 2
Example 6.2. More generally, for any class c ∈ H * (E) of even degree, we can use the Euler class of the vertical tangent bundle e ∈ H 2d (E) and the Euler characteristic χ of M g to construct the class a = c − (e/χ) · π * (π ! (c)) ∈ H * (E). Because of the push-pull formula for the pushforward and the fact that π ! (e/χ) = 1, this class satisfies π ! (a) = 0. Let p, q ∈ H 2· * (E) be some characteristic classes of the vertical tangent bundle of π : E → B. Theorem 3.1 applied to the classes discussed above results in the following formula (we use the notation π ! (p) = κ p ):
Corollary 6.3. Let I ⊂ R * be some ideal in the tautological ring. Suppose κ p ∈ I and κ q in I. Then, κ pq ∈ √ I (here, √ I denotes the radical of the ideal).
Proof. Modulo the ideal I, the formula (14) becomes κ
This corollary is most interesting in light of our finite-generation result (Theorem 1.2) and the following easy fact:
Lemma 6.4. If a graded ring A * is finitely generated as an A 0 -algebra and
We do not know whether, for example, κ e 2 is in √ 0. Still, we can apply Corollary 6.3 to the ideal (κ p i , κ p i ·e | 1 ≤ i ≤ d) to obtain the following:
Proposition 6.5. The quotient ring R * / √ 0 is generated as a Q-algebra by the classes
For i < d/2, the classes κ p i are already in √ 0 by Example 6.1.
6.2. The classifying spaces of manifolds with marked points. To get additional relations, we will use the methods of [RW12] . In this section, we review some facts about the cohomology of natural bundles with structure group Diff M and fiber M × · · · × M that these methods will use. This discussion is completely analogous to the two-dimensional case, as described in [RW12, Section 2.1].
Notation. In this section, we will denote the universal bundle EDiff M × Diff M M → BDiff M with fiber M as M → M for brevity. When the fiber is 2d-dimensional, (d − 1)-connected, and has middle cohomology of rank 2g (e.g. the fiber is M
g . The notation refers to the fact that in the d = 1 case, the space M 2 g has the same rational cohomology as the moduli space of Riemann surfaces. We will also use the notation '//' for homotopy
For a finite set I, we let
The fiber of the natural map M g (n) → M g is M n , and a map from any space B to M g (n) gives rise to a manifold bundle over B with fiber M g together with a choice of n ordered points in each fiber.
For J ⊂ I, there are natural projections π Definition 6.7. For S ⊂ I, let Maps(I/S, M g ) ⊂ Maps(I, M g ) be those maps that send all elements of S to the same point. Note that this inclusion has codimension
. As shown in [RW12, Lemma 2.1], this inclusion has a Thom class
We define the "intersection class ν (S) " to be the image of ν (S) in H * (M g (I) ).
Lemma 6.8. The classes ν (S) satisfy the following:
) is a pullback of the corresponding class ν (S) ∈ H * (M g (I )) via the map (π I I ) * . (ii) If S and S intersect at a single point, then ν (S) ν (S ) = ν (S∪S ) . In particular, in M g ({1, 2, * }), we have:
The proof of this lemma is similar to the arguments in [MS74, §11] , see also [RW12, Lemma 2.1].
Remark 6.9. All the results of this section remain true in any setting where Definition 6.6 makes sense and Lemma 6.8 still applies. In particular, they hold in cohomology with integral coefficients as long as we insert appropriate factors of (2g + 1)!. To apply these results to topological bundles by using the definitions from [ER13] , it would be enough to define the intersection classes for them in such a way that Lemma 6.8 holds.
Our next goal is to be able to compute the pushforward of any tautological class in H * (M g (I)) via the projection maps π I J . We will use the properties of the pushforward described in Section 2.2.
Lemma 6.8 and the naturality of the pushforward imply that for any finite set I, we have: Lemma 6.10. We have:
(ν (i * ) ) = 1 and π
for all i ∈ I and c ∈ H * (BSO 2d ).
The push-pull formula and the above lemmas give us the following procedure to compute the pushforward of a general tautological class:
Let us apply Theorem 3.1 to the bundle π : M g ({1, * }) → M g (1) (which has fiber M g ). We get the following relation in the ring R * (M g (1)) that we further simplify using Procedure 6.11 and related lemmas:
For each integer d, we multiply both sides of the formula by
((χ−2)χ) g+1 and apply (π {1} ∅ ) ! to both sides to get the following relation in the cohomology of M g :
(where we should keep in mind that κ e 0 = 0 and κ e 1 = χ).
Corollary 6.15. From the above example, we can see that for d ≥ 0, κ g+d = κ e d+g+1 can be written as a polynomial in lower kappa classes.
Example 6.16 (Finite generation). Fix any p ∈ H 2i (BSO 2d ). We obtain a relation in the cohomology of M g (1) by applying the second part of Theorem 3.1 to the classes . (16) We will use the above example to prove Theorems 1.2. First, we need the following corollary.
Let A ⊂ H * (M g ) be the "augmentation ideal" generated by all the elements of the tautological subring that have a non-zero cohomological degree, and let D = A · A be the ideal of the decomposable elements.
Corollary 6.17. There is an integer N > 0 such that for all p, q ∈ H * (BSO 2d ) with deg p > 0, κ (p N q) ∈ D ⊂ H * (M g ).
Proof. If 1 ≤ deg p < 2d, we replace p with p 2d+1 . This allows us to assume that deg p > 2d.
Let A , B , D ⊂ H * (M g (1)) be the following ideals:
A = κ t | t ∈ H >2d (BSO 2d B = t (1) | t ∈ H >2d (BSO 2d D = A · (A + B ).
The following two statements are easy to verify:
(1) Since deg(p) > 2d, the formula (16) implies that p 2g+1
∈ D and therefore p 2g+1
(1) q (1) = (p 2g+1 q) (1) ∈ D for all q ∈ H * (BSO 2d ).
(2) The pushforward operation π
So, κ (p 2g+1 q) ∈ D as desired. Now, we can finally prove that the tautological ring is finitely generated.
Proof of Theorem 1.2. The infinitely many elements κ (e a 0 d i=1 p a i i ) (where a i -s are nonnegative integers and p i -s are the Pontryagin classes) generate the tautological ring rationally. By the previous corollary, the elements where any of the a i -s are greater than 2g are decomposable as a polynomials in kappa classes that each have a lower value of d i=0 a i . By an induction argument, the finitely many elements for which a i < 2g for all i generate the whole tautological subring of H * (BDiff M g ; Q) (that is, the image of the map R ). Now, by Corollary 2.8 the tautological subring of H * BDiff(M g ; D 2d ); Q (the image of the map R) is a quotient of the tautological subring of H * (BDiff M g ; Q). Therefore, it must also be finitely generated, as desired.
6.4. Proof of Theorem 1.3. In this section, we argue that the relations from [RW12, Section 2] can be re-derived for all values of d. We use the notation κ i = κ e i+1 ∈ H 2ki (M 2d g ) and note that all the equations that took place in cohomological degree 2j in [RW12] now take place in degree 2kj. We will indicate how to re-derive the key lemmas of [RW12] ; the rest of the arguments can be repeated verbatim.
(1) The relation (4) from Theorem 3.1 restricted to the case of a degree-2d cohomology class recovers the following version of [RW12, Theorem A]:
Given a manifold bundle M 2d g → E π → B and a class c ∈ H 2d (E; Z) with π ! (c) = d ∈ H 0 (B) ∼ = Z, the class Ω(E, c) ∈ H 2d (B; Z) described by the formula [RW12, top of p. 1775] has the property that Ω(E, c) g+1 is torsion.
Proof. Apply Theorem 3.1 to the class c − d · e where e is the Euler class of the vertical tangent bundle, as in Example 6.2.
The integral version of our Theorem 3.1 gives a larger constant C ∈ N such that CΩ(E, c) g+1 than the constant in [RW12] . However, this does not affect the results of [RW12] , since they all take place in rational cohomology.
(2) Given a vector A = (A 1 , . . . , A n ) ∈ Z n , we can consider the class
A i ν (i * ) ∈ H 2d M g (n) = H 2d (M g ({1, . . . , n, * })) .
Using the previous statement, we recover the key fact that the class Ω A = Ω M g (n), c A from the formula [RW12, (2.1)] satisfies Ω g+1 A = 0 ∈ H 2d(g+1) (M g (n)).
(3) The expressions for calculating the pushforwards of the classes that appear in the above formulas do not depend on the dimension of the manifold. = 0, and the expressions involved in this calculation do not depend on the cohomological degree of the classes involved. Therefore, these results all hold verbatim in the 2d-dimensional case whenever d ≥ 1 is odd.
